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In this work we demonstrate control of the spin-torque resonance frequency of a domain wall �DW� in a
notched wire through the lithographic engineering of the shape and profile of the notch. By modeling the
magnetization dynamics of a current-driven domain wall in a nanometric constrained geometry, an almost
harmonic pinning potential has been designed, and we experimentally demonstrate the operation of domain
wall resonators with well-defined, selectable resonance frequencies, suitable for application in zero magnetic
field. These results show that the DW may be treated to a good approximation as a quasiparticle acted on by
a restoring force that may be derived from the notch shape in a physically transparent manner.
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Using spin-transfer torque1,2 to manipulate domain walls
in nanoscale magnetic elements has potential applications in
spintronic devices3 for memory4 or logic.5 The spin-torque
resonance effect6,7 allows for a domain wall to be excited
using an alternating current that is tuned to the eigenfre-
quency of a potential well. A pinning potential for a domain
wall �DW� in a magnetic nanowire generally arises when a
geometric deformation, such as a notch, is introduced, giving
rise to a variation of the total energy of the system with the
position of the DW. The gradient of the total energy along
the pinning potential can be interpreted as a restoring force
acting on the DW,8 naturally bringing the DW to the mini-
mum energy position. Such pinning sites not only allow for
the interaction between a DW and spin-polarized current9–11

to be studied, but are important for device applications, for
instance magnetic memory devices where binary data may
be stored as the presence or absence of a DW in such a
pinning potential. Using the effect of spin torque resonance
allows for the DW to be depinned at much lower threshold
currents when the frequency of the excitation current is tuned
to the eigenfrequency of the pinning potential.7,12–14

The structures investigated here consist of 20-nm-thick
permalloy �Ni80Fe20� with a 1.5 nm Al capping layer, ob-
tained by liftoff following electron-beam lithography and
sputtering of the NiFe/Al bilayer. The geometry consists of a
magnetic wire with a central geometric constriction and an
elliptical DW nucleation pad at one end, as shown by the
scanning electron microscopy �SEM� image in Fig. 1�a�. The
pinning potentials investigated here are defined by linear and
parabolic notches of variable steepness. The wire width and
constriction width were kept fixed at 1 �m and 100 nm
respectively, while the profile of the notch was varied, as
summarized in Table I. DWs were nucleated in the pad and
propagated to the center of the notches by applying a se-
quence of magnetic fields, as described previously9,10

The structure of the DWs pinned at the notches was in-
vestigated by means of x-ray magnetic circular dichroism

�XMCD� combined with PEEM imaging15 and scanning
electron microscopy with polarization analysis �spin-SEM�.16

PEEM imaging was carried out at the I06 beamline at the
Diamond Light Source synchrotron, using circularly polar-
ized x-ray photons with energies corresponding to the Fe L3
and L2 absorption edges, while spin-SEM imaging was car-
ried out at IBM Zurich Research Laboratory. All magnetic
imaging was carried out at near-zero magnetic field �less
than 1 Oe�. Our wires are of a size where vortex DWs are to
be expected in the main parts, and transverse DWs at the
narrowest part of the notch.17 Figure 1�b� shows a spin-SEM
image of a wire with a parabolic notch. Here the elliptical
pad contains a complex domain structure, formed in the DW
creation process, while the wall is pinned in the center of the
notch. Figures 1�c� and 1�d� show PEEM images of DWs
pinned in linear notches of different angle. For the notch in
Fig. 1�d� one can also see that a DW is pinned at the center
of the constriction, while in Fig. 1�c�, where the notch angle
is steeper, a complex vortexlike DW has failed to fully enter
the notch.

To allow for electrical measurement, 10 nm Ta/140 nm Au
leads were attached to the wires, centered around the notches
in a two-point measurement configuration. The frequency
variation of the sample resistance was measured in reflection
mode using a high frequency measurement setup based on a
vector network analyzer. For each frequency value a sinu-
soidal voltage of fixed amplitude is applied to the sample for
1 s and the reflected voltage is measured to obtain the real
and imaginary parts of the voltage reflection coefficient, or
S11 parameter. Using a transmission line of characteristic im-
pedance of 50 � the sample resistance is obtained from the
magnitude of the S11 voltage reflection coefficient parameter.
This is justified since the resonance appears only in the real
part of S11, showing that the resonance peak appears due to a
change in sample resistance only. Typical frequency scans
are shown in Fig. 1�e�, measured at zero magnetic field for
the states with and without a pinned DW at the constriction
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and using a sinusoidal voltage of fixed amplitude, corre-
sponding to a peak current density of 2.6�1011 A /m2 at the
narrowest part of the constriction. For the state without a
DW the resistance is found to be quite featureless with fre-
quency, while for the state with a pinned DW, a pronounced
peak in the measured resistance is observed. For the case of
the frequency response shown in Fig. 1�e�, the measured re-
sistance peak observed for the state with a pinned DW is
expected to arise due to the coherent DW oscillation at the
resonance frequency, resulting in enhanced energy dissipa-
tion, and thus an increase in the measured resistance.

We now develop a model for the DW motion excited by a
spin polarized current, similar to the one-dimensional �1D�
model of Malozemoff and Slonczewski.18 For a magnetic
wire with position and time dependent magnetization density
M=Ms�cos��� , sin���cos��� , sin���sin����, the dynamics of
the magnetization are given by the Lagrangian

L = −� MS

�
�cos � − 1��̇dV − E �1�

where the integral is over the volume of the wire and E is the
total energy. The magnetization lies at an angle �, in the
x−y plane which contains the wire, to the wire axis �the DW
lying between domains where �=0 or ��, and points out of
that plane by an angle �. For a narrow magnetic strip elon-
gated in the x direction, the magnetostatic energy is approxi-
mately given by an easy axis and an easy plane anisotropy
energy, K0 and K, respectively, which can be estimated from

the corresponding quantities of an infinitely long
ellipsoid.14,19 By also assuming that the magnetization is ap-
proximately uniform in the y �across the strip� and z �normal
to the strip� directions the following expression for the total
energy is obtained

E =� �A�� ��

�x
	2

+ sin2 �� ��

�x
	2


− �K0 cos2 � − K sin2 � sin2 ���S�x�dx �2�

where S�x� is the cross sectional area of the wire perpendicu-
lar to the x direction, and A is the exchange stiffness
constant. The 1D approximation assumes that the DW is
transverse with �=��t� and �=2 tan−1�exp��x−q�t�� /��,
where q is the position of the DW and � is the DW width.18

The magnetostatic energy increases for a tilted DW, and the
increase causes the DW to contract, hence we further
assume that the DW width � is given by ����
=�0 / �1+ �K /K0�sin2 ��1/2. where the static DW width �0
=��0�= �A /K0�1/2. Our formulation differs from the one by
Tatara et al. where the DW width is considered to be a
constant,20 and the one by Thiaville et al. where the DW
width is treated as an independent parameter.21 Usually the
pinning potential in the 1D model is assumed to take an
arbitrary form where its depth and width are indirectly ob-
tained from experiments and micromagnetic
simulations.7,12,14 To take account of the shape of the differ-
ent pinning profiles used in the experiment we instead derive
an explicit expression for the pinning potential given by the
experimental notch geometry and materials properties: there
are no adjustable fitting parameters. The expression is ob-
tained by considering the fact that for a transverse DW the
total DW energy E is, to a good approximation, proportional
to the cross-sectional area of the wire at the position of the
DW,22 where the energy per unit area is 4A /�. The pinning
potential will thus depend on both q and � since the cross
section area depends on q, and the DW tends to contract as
its magnetization tilts. If the magnetization profile of the
transverse DW is inserted in Eqs. �1� and �2� the following q
and � dependent Lagrangian is obtained:

TABLE I. Summary of the various pinning potentials investi-
gated, giving the values of g and c, the parameters which define the
steepness of the linear and parabolic notches, for each nanowire
sample. These parameters enter the relationship between the width
of the wire y with position along the wire, x .

Linear pinning potentials: y=g�x�

L1 L2 L3 L4 L5

g 0.36 0.45 0.6 0.9 1.8

Parabolic pinning potentials: y=cx2

P1 P2 P3 P4 P5

c /106 0.5 0.73 0.91 1.49 3.25

FIG. 1. �Color online� �a� SEM image of a typical structure, in
this case with a parabolic �P2� pinning site, �b� spin-SEM image
showing the equilibrium pinning position of a DW in the parabolic
notch P2. PEEM images showing the equilibrium pinning position
of a DW in the linear notches �c� L4 and �d� L3. The magnetization
component along the length of the wire is given as a gray scale
contrast in �b� to �d�, with opposite orientation coded as black and
white. �e� Resistance change as a function of frequency for a linear
pinning potential, L1, in the states with and without a pinned DW,
where the current density was fixed at 2.6�1011 A /m2. The inset
shows the calculated DW oscillation dynamics, starting from the
initial state at rest, and reaching a steady periodic orbit in q−�
space. Sample identification numbers are explained in Table I.
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L = −� MS

�
�tanh� x − q

����
	 − 1
�̇S�x�dx − E , �3�

E =
4A

����� 1

2����cosh2��x − q�/�����
S�x�dx . �4�

For a wire where S�x� is slowly varying compared to
�2� cosh2��x−q� /��−1 the Lagrange equation of motion for
q and � takes the form

q̇S�q� = −
�

2MS
�2�K sin�2��S�q�� , �5�

�̇S�q� =
�

2MS
�4A

�
�

−	

	 S��x�
2� cosh2��x − q�/��

dx
 �6�

where the terms in square bracket in Eq. �5� and �6� are
�E /�� and �E /�q, respectively.

If the current induced spin transfer torque and Gilbert
damping are included in the two coordinate model20,21,23 the
equations of motion for q and � take the form

�q̇ − 
��̇�S�q� = −
�

2MS

�E

��
+

J�q��BP

eMS
S�q� , �7�

��̇ +



�
q̇	S�q� =

�

2MS

�E

�q
�8�

where J�q� is the current density at the position of the DW,
S�q� is the position-dependent cross-sectional area of the
wire, P is the spin polarization of the current, Ms is the
saturation magnetization, 
 is the Gilbert damping constant
and e, �B and � are electron charge, Bohr magneton and
gyromagnetic ratio respectively. The solution to the above
equations for a given current density is a trajectory in �q and
�� space �see inset to Fig. 1�e��. After some transient motion
the trajectory eventually settles to a steady orbit from which
the oscillation frequency can be extracted.

Looking first at the linear pinning potentials, which have
been previously much studied,9,10,24,25 the DW resonance
mechanism is investigated as a function of current density.
The resonance peak height is found to depend monotonically
on current density as shown in Fig. 2, increasing once a
threshold value of current density is exceeded. This general
qualitative dependence of the peak height on current density
is found to hold for the linear pinning potentials L1 through

to L3. On the other hand for the pinning potentials L4 and L5
no resonance peaks have been observed: in the PEEM im-
ages we observed that these are the two cases where the DW
does not fully enter the notch.

For the linear pinning potentials the dependence of the
center frequency of the resonance peak on the current density
is shown in Fig. 3�a�, where the error bars represent the full
width at half maximum �FWHM� of the resonance peaks.
For a fixed current density the resonance frequencies can be
controlled by changing the notch profile. As the constriction,
and hence pinning potential, becomes steeper, the effective
restoring force acting on the DW rises, leading to higher
resonance frequencies. On the other hand, the resonance fre-
quency is found to depend strongly on the current density for
the pinning potentials L1 through to L3, with overlapping
frequency domains. Thus the DW oscillation cannot be de-
scribed by a simple harmonic oscillator with a fixed reso-
nance frequency. This is due to the highly anharmonic po-
tential, e.g., there is a discontinuity in restoring force at the
origin.

As shown in Fig. 3�b�, for the linear pinning potentials,
the qualitative agreement between the measured and calcu-
lated frequencies is excellent. In particular both the measured
and calculated resonance frequencies change by around 14%
over a range of 6�1010 A /m2 compared to the respective
values obtained at 2�1011 A /m2. However due to the sim-
plified shape of the DW used in the theory, the model pre-
dicts a higher frequency than the experimentally observed
one. The easy plane and the easy axis anisotropy in general
depend on the dimensions of the wire cross section, and thus
vary with the position of the DW. In this work we neglected
this q dependence, and consider K0 and K to be average
values of the corresponding quantities. Furthermore the
shape of a DW moving in a magnetic wire is known to de-
viate from the form assumed in the 1D model. It is for ex-
ample known that for very large tilt angles �. an antivortex
will be formed at the edge of the wire which tends to dras-
tically slow down the motion of the DW.26 It is thus not
surprising that our theoretical resonance frequency is
higher than the experimental one. A fully micromagnetic
model should be able to address this issue, at the loss of
some physical transparency. For permalloy we have used the
standard parameters of the saturation magnetization
Ms=8.7�105 A /m, the exchange stiffness constant

FIG. 2. �Color online� Variation of resonance peak height with
current density for linear �L1� and parabolic pinning potentials �P1�.
Solid lines are guides to the eyes.

FIG. 3. �Color online� Resonance frequency as a function of
current density for the linear pinning potentials L1 through to L3,
showing �a� experimental results with FWHM error bars and �b�
theoretical results. In the theoretical calculation the ratio between
the easy plane and easy axis anisotropy �K /K0�=6 and the static
DW width �0=70 nm, based on the geometry of the linear notches.
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A=1.3�10−11 J /m, the damping 
=0.01 �Ref. 27� and the
spin polarization of the current P=0.4.9 Nonadiabatic torque
can also be incorporated in the 1D model,12,20,23 but we have
found that its effect is negligible for the applications consid-
ered in this Rapid Communication. Even though we do not
obtain a quantitative agreement between experiment and
theory, the good qualitative agreement shows that the model
captures the essentials of the physics with some fairly simple
and obvious assumptions, and that to a certain extent the DW
may be treated as a quasiparticle in a potential defined in a
fairly physically transparent way by the shape of the notch.

The nonharmonic behavior of a DW oscillating in a linear
notch can be explained by considering the right-hand side of
Eq. �7�. The restoring force �E /�q is determined by the spa-
tial derivative of the cross sectional area, S�, which for a
linear notch is not proportional to the DW displacement from
equilibrium. We therefore went on to design, fabricate, and
study nanowires with parabolic notches �samples P1-P5�
where S� is proportional to the DW displacement, which we
expect to be more harmonic. Spin-SEM imaging showed
DWs at the center of all five notches, and we observed reso-
nance peaks for all five samples. Once again, the resonance
peak height increases with current density once a threshold
value is exceeded, as shown in Fig. 2. The experimental
results for the resonance frequencies of the parabolic pinning

potentials P1 to P5 are shown in Fig. 4�a�, where the reso-
nance frequency is plotted as a function of current density.
As for the linear potentials, the resonance frequency in-
creases as the pinning potential profile becomes steeper, but
here we observed well-defined eigenfrequencies for each
notch. Once again the qualitative agreement with theory is
good: the calculated oscillation frequencies were found to be
almost independent of the driving current, as shown in Fig.
4�b�. In particular both the measured and calculated reso-
nance frequencies change by around 1% over a range of
6�1010 A /m2 compared to the respective values obtained
at 2�1011 A /m2. By engineering the shape of the notch
using lithographic techniques we show that the current
driven DW resonance may be controlled and set to be nearly
independent of the driving force. We also show that the DW
resonance may be sustained without the use of applied mag-
netic fields, with the restoring force on the DW being derived
from the geometric pinning potential alone.

Moreover, the Q factors of the resonances, defined as the
center frequency divided by the FWHM �the latter shown as
error bars in Figs. 3 and 4�, are much larger for the parabolic
notches. For the linear potentials we have Q factors that
range from 8 to 20, while for the parabolic ones the Q factors
lie in the range 40 to 80. The improved Q factor and well-
defined resonance enables frequency selectivity. It is possible
to conceive of a nonvolatile memory or logic system where
binary data are stored as the absence or presence of a domain
wall in a series of pinning potentials along a nanowire, each
engineered through lithography to have a different eigenfre-
quency. No external or variable magnetic fields, which are
costly to generate in terms of energy, would be needed to
control the eigenfrequency, as was the case in the design
presented in Ref. 6. DWs in an array of such notches could
then be individually addressed and manipulated, e.g.,
through resonantly assisted depinning,14,24 without requiring
individual contacts for each notch, significantly reducing the
complexity of the wiring needed to control such a memory.
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FIG. 4. �Color online� Resonance frequency as a function of
current density for the parabolic pinning potentials P1 through to
P5, showing �a� experimental results with FWHM error bars and �b�
theoretical results. In the theoretical calculation the ratio between
the easy plane and easy axis anisotropy �K /Ko�=6 and the static
DW width �0=40 nm. The DW width is lower than the corre-
sponding value for the linear notches since the average constriction
width is smaller for the parabolic notches.
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